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ABSTRACT This paper presents compliant transmission mechanisms for a flapping-wing micro air vehicle.
The purpose of this mechanism is to reduce power consumption, a critical issue in this kind of vehicles,
as well as to minimize the peak input torque required by the driving motor, which helps to maintain flight
stability and reduces mechanical shocks of the structure. We first describe the development of pseudo-rigid-
body model of the mechanism and the analysis of the corresponding kinematics. Second, we compute the
required input torque for driving stable flapping motions, from the perspectives of work and energy. For
this computation, two methods are applied, one based on the principle of virtual work and another one
based on rigid-body dynamics. Our mathematical analysis demonstrates that both methods are consistent
with each other in terms of the resulting input torque from the motor. Finally, according to the results from
the input torque analysis, the main parameters characterizing the compliant joints, the torsional stiffness of
virtual spring and initial neutral angular position, are optimized. The experimental results carried out with
two different mechanical setups, one with rigid components, and another one with flexible components,
demonstrate the relationship between the input voltage (that is directly related to flapping frequency) and
power saving of the compliant mechanism. The average power consumption is reduced of up to 4%, and
peak power consumption is reduced up to 25% using the compliant transmission mechanisms compared to
the rigid mechanism. The experiments also show a clear relationship between flapping frequency and power
savings.
INDEX TERMS Compliant transmission mechanisms, compliant structures, virtual work, flapping-wing
micro air vehicles, FWMAVs.
I. INTRODUCTION
Micro Aerial Vehicles (MAVs) are unmanned aerial vehicles
whose size is of the order of few centimeters of wingspan and
mass less than few hundred grams. Thanks to their small size
and high maneuverability, MAVs are ideal for many appli-
cations such as reconnaissance in confined spaces, search
and rescue, or hazardous environment exploration. Because
of their size, however, the design of MAVs implies important
technological challenges, such as low power consumption.
FWMAVs adopt flapping wings for generating lift forces, but
also for maneuvering. Many researchers in this field have
looked into the biological world in an attempt to understand
the keys of efficient flight, especially, for scale reasons, con-
centrating on insects [5], [6], [11], [29].
Here, we focus on flapping. Entomology studies demon-
strated that insects can decrease the power consumption
by storing and releasing elastic energy in the elements
[10], [26], [27] of their musculoskeletal flapping system, con-
cretely the thorax (tergal plate) [22], flight muscles [1] and
wing hinges [4] (see Fig. 1).Moreover, it has been pointed out
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FIGURE 1. Schematic drawing of insect thorax: (a) basic anatomy; (b) upstroke; (c) downstroke.
by anonymous reviewers that compliant connectivity is likely
a ubiquitous feature of flight systems in general, including
both insect and vertebrate flyers. Compliant flapping mecha-
nisms, therefore, could also be applied to bird-size FWMAVs,
that mostly adopt traditional rigid-body mechanisms because
they have high forces and energy conversion efficiency [19].
The mechanism works as follows: at the end of each wing
stroke (upstroke or downstroke), the kinetic energy of the
wings is transformed into elastic energy in the compliant
elements of the thorax mentioned above. This has a twofold
effect: at the end of a stroke, it helps decelerating the wings
and reduces the sharp shockwhen the wing changes direction.
The latter feature is particularly interesting as in principle it
allows building lighter structures (therefore saving weight at
the benefit of available payload and/or mission autonomy)
and helps flight stability. Then, at the beginning of the next
wing stroke, the energy stored is released, helping accelerat-
ing the wings.
Therefore, we took such feature as a model to imitate in
order to construct our flapping-wing aerial vehicle.
A. RELATED WORK
Attempts to imitate insects’ energy-saving capabilities can
be found in the literature. Coil springs are usually incorpo-
rated as elastic elements into the flapping-wing mechanisms.
Research results from both Madangopal et al. [16] and Baek
et al. [3] show that the introduction of linear coil springs can
minimize the required input peak torque or input power. The
use of linear coil springs which are directly connected to DC
motors in direct-driving flapping-flight prototypes can also be
found in the literature [2], [12]. However, additional springs
bring additional weight and have no effect in reducing joint
friction energy losses [15].
Piezoelectric actuators are also used to fabricate the
flapping transmissions due to their capability of high power
densities and high efficiencies [12], [30]. Generally, piezo-
electric actuators driving transmissions are designed to oper-
ate at their resonance frequency and are also used as active
springs coupled with the mechanisms for storing energy
[21], [29]. One flying prototype driven by piezoelectric actu-
ators capable of liftoff and stable hovering has been presented
in [24]. One drawback of piezoelectric actuators is that they
are not suitable for systems with a high desired payload
due to their high power requirements and limits in displace-
ment and forces [12]. Recently, electromagnetic actuators,
similar to piezoelectric actuators, were also introduced to
couple with the mechanism for driving flapping wings toward
resonance [6], [17], [18].
Compared to spring mechanisms and piezoelectric or elec-
tromagnetic actuators, compliant mechanisms are attractive
solutions. Such mechanisms are multifunctional structures
which combine functions of mechanical parts with elastic
energy-stored components together [23]. These characteris-
tics allow reproducing insects’ energy-saving capabilities.
Moreover, compared to rigid-body mechanisms, compliant
mechanisms have lower wear, friction, and backlash [8], [28].
Additionally, they reduce the peak input torque and sharp
shocks of the mechanism, which has direct benefits in allow-
ing lighter structures and smaller batteries, at the benefit of
the payload and/or flight time.
Some examples of compliant mechanisms for FWMAVs
can be found in the literature. In [7], a thorax-like click-
ing compliant mechanism inspired by an insect named
Dipteran is proposed. This research showed that click-
ing compliant mechanisms could produce more thrust per
input power than a conventional rigid-body counterpart.
Sahai et al. [20] demonstrated that flapping transmission with
rubber flexural hinges can reduce input power up to 20%.
For a review of compliant flapping mechanisms, readers can
refer to [32].
In the literature, fewworks on compliant mechanisms carry
out a mathematical analysis of the influences of the character-
istics of compliant joints or hinges (like the stiffnesses of vir-
tual spring and the neutral angular positions) on the final input
peak torque or input power required. In [33], we presented a
theoretical analysis on the transmission mechanism and the
effects of the compliant attributes on the final peak input
torque by using the principle of virtual work. We also showed
how to optimise the values of the main parameters of the
compliant joints, in terms of the torsional stiffness of virtual
spring and initial neutral angular position, so as to minimize
the peak input torque. The theoretical analysis carried out
proved that using compliant transmission mechanisms could
save energy up to 70% in ideal conditions.
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In the following sections, we first presents the compliant
transmission mechanism for a FWMAV. We then summarize
the analysis of its kinematics, the aerodynamic modelling and
the virtual work-based methodology for calculating the input
torque from motor, result of previous work. Then, we present
a comparison between two methodologies based on virtual
work and rigid-body dynamics to calculate the required input
torque frommotor. These treat the problem from the perspec-
tives of work and energy, but yield the same results.
Section IV describes the experiments carried out using
prototypes with compliant and rigid-body mechanisms. The
results of the tests show how compliant mechanisms are
actually affective in reducing power consumption and peak
torques during flapping. Finally, Section V concludes the
paper.
II. A FLAPPING TRANSMISSION MECHANISM
WITH COMPLIANT JOINTS
In this section, we present a flapping transmission mecha-
nism with small-length lightweight compliant hinges for the
bird-size FWMAV shown in Fig. 2.
FIGURE 2. Physical prototype of the proposed flapping wing micro aerial
vehicle.
A. KINEMATICS
Figure 3 (left) shows a sketch of the mechanism. The compli-
ant hinges are modeled as revolute joints with virtual springs,
as proposed in [13]. These can be seen in Fig. 3 (right). A DC
motor is employed to drive the compliant transmission mech-
anism to realize flapping motions. The mass of wing frames
is assumed to be uniformly distributed along the length of the
wing spar. Table 1 reports the dimensions of the prototype.
Considering the vector loops O-A-B-C-D-O and O-A-B-O




2 = 0 (1)
r1ejθ1 + r2ejθ2 − r5ej
π
2 = 0 (2)
where ri (i = 1, 2, ..., 6, 7) are lengths of links and θj
(j = 1, 2, ..., 4) are angular positions of the corresponding
links.
TABLE 1. Dimensions of the components for the compliant transmission
mechanism.
The transmission mechanism has only one degree of free-
dom, the angular position of the crank θ1. The rest angular
positions θ2, θ3, θ4 can be treated as functions in terms of θ1.
Given their initial values, the values of θ1, θ2, θ3, θ4
during a whole flapping cycle can be obtained from equa-
tions (1) and (2). Similarly, angular velocities θ̇i and ωi and
accelerations αi (i = 2, 3, 4) of the links can be computed
according to the first and second order derivatives of the two
mentioned equations.
B. AERODYNAMIC TORQUE
Aerodynamic torques generated by flapping wings play a
very important role in the stable flight of FWMAVs. The
aerodynamic torque produced by wing motions in a cycle
were analyzed using an aerodynamic model based on the
blade element theory [9]. For simplifying the calculation,
the irregular shape of a wing was approximated with a rectan-
gle, whose length and width equal the length of the wing spar
r8 and the average wing chord c, respectively (see Fig. 2). The
wing is assumed to be rigid, i.e., without any twist and bend
along the wing chord and the leading edge. Also, the mass of
the wing is considered to be negligible. Therefore, the normal
force produced by a single blade can be expressed according




ρC1|V (r, t)|2sgn(V (r, t))cdr, (3)
where V (r, t) is a absolute velocity of an element, whose
direction is contrary to the motion of the wing, ρ is the
air density, and C1 is the normal force coefficient of the
blade [14]. V (r, t) consists of two parts: the translational
velocity V (r, t)T and the rotational velocity of the wings
V (r, t)R. Since the value of the translation velocity V (r, t)T
is relatively small, its effect of wings’ movements is also
small. Therefore, V (r, t) and V (r, t)R can be considered
equal i.e., V (r, t) = V (r, t)R, and V (r, t)T could be simpli-
fied in the equations. In the following, the term is maintained
for completeness.
The instantaneous aerodynamic torque dτa can be
expressed by the instantaneous force dFa times the distance
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FIGURE 3. Left: Schematic view of the compliant transmission mechanism for flapping. Right: The corresponding pseudo-rigid-body
model of the mechanism.
where ω3 is the angular velocity of the rocker which wing
spar. For further details see also the Appendix.
III. INPUT TORQUE CALCULATION
The input torque τm can be computed either with the principle
of virtual work or using rigid body dynamics. In the follow-
ing, we present the calculation based on both methods, and
demonstrate that the same results are achieved.
A. INPUT TORQUE CALCULATION BASED ON THE
PRINCIPLE OF VIRTUAL WORK
The method of virtual work is well suitable for pseudo-
rigid-body models since it treats the system as a whole,
and internal interaction forces are not needed to be consid-
ered. Furthermore, elastic potential energies stored in the
compliant joints can be easily taken into account. Here,
the masses of links (except the wing spar), inertial forces
and frictions at joints are negligible in comparison with
external aerodynamic forces and applied torque from the
motor.
According to the PRB model shown in the Fig. 3 (right),
the generalized coordinate is chosen to be the angular dis-
placement of the crank θ1 and its virtual displacement is δθ1.
The total virtual work δW includes three parts: the work done
by the motor through external input torque τm, δWm, the work
caused by inertial and aerodynamic torques of the wing, δWw,
and the work stored by the equivalent springs at compliant
joints, δWs. Thus,
δW = δWm − δWinert − δWa − δWs (5)
Since the mass of wing membrane is relatively small,
the mass of wing approximately equals the mass of the wing
spar. As shown in the Fig. 3 (right), the motion of wing
spar can be treated as a synthesis of an axis-fixed rotational
movement around the joint C and a translational movement
around the joint D. Therefore, the virtual work produced








where m8 is the mass of the wing spar. 13m8 r
2
8 and m8 r
2
4
are the inertias of the wing with respect to the joint C and
D, respectively. In addition, the virtual work δWa caused by






4α4δθ4 − τaδθ3 (7)
The virtual work at compliant joints is δWs =
−
∑2
i=1 Tsiδψi, where Tsi = −Ksiψi, (i = 1, 2), Ksi is
the torsional stiffness constant at the ith (i = 1, 2) compliant
joint. Note that that joints C, D are defined as the 1st and 2nd
joints, respectively. ψi is the angular variation at the ith joint,
which is expressed as ψ1 = θ4 − θ4,0, ψ2 = θ5 − θ5,0 and
those associated with δψi are: δψ1 = δθ4, δψ2 = δθ5. Here,
θj, θj,0 (j = 4, 5) are the angular position and neutral angular
position at the two compliant joints, respectively. Beware that
θ5 = θ4 − θ3, θ5,0 = θ4,0 − θ3,0, therefore, δθ5 = δθ4 − δθ3,
δψ2 = δθ5 = δθ4 − δθ3. The total virtual work stored in the
VOLUME 7, 2019 13071
C. Zhang, C. Rossi: Effects of Elastic Hinges on Input Torque Requirements
two compliant joints is
δWs = Ks1(θ4 − θ40)δθ4
+Ks2[(θ4 − θ3)− (θ4,0 − θ3,0)](δθ4 − δθ3) (8)
According to the principle of the virtual work, the total
virtual work is set to equal to zero. The Eq. (5) can be solved






4α4θ̇4 − τaθ̇3 + Ks1(θ4 − θ40)θ̇4
+Ks2[(θ4 − θ3)− (θ4,0 − θ3,0)](θ̇4 − θ̇3) (9)
B. INPUT TORQUE CALCULATION BASED
ON RIGID-BODY DYNAMICS
In the previous section, we have already calculated the input
torque needed based on the principle of virtue work. In this
section, we solve the same problem from a perspective of
energy. First of all, we will focus on kinetic and potential
energies of the mechanism. Based on the energy equations,
a rigid-body dynamic model is built for clearly understanding
the requirement for input torque from the motor during a
cycle.
For the crank, it rotates around a fixed end O with a
constant speed, so it only has a rotational kinetic energy,





where J1 is its moment of inertia about the end O. As for
the coupler and rocker, they possess both translational and
rotational movements around their centres of mass (CoMs),
therefore, their corresponding kinetic energies (KEi) consist
of two parts, i.e., translational kinematic energy (KETi ) and
rotational one (KERi ),









where mi (i = 2, 3) is the mass of link ri (i = 2, 3), Vci
(i = 2, 3) is the absolute velocity at the CoM, Ji (i =
2, 3) is the moment of inertia about the corresponding CoM.
Similarly, we can also calculate translational and rotational








where m8 is the mass of link r8, VC is the absolute velocity at
joint C, where VC = r4ω4 , J8 is the moment of inertia about
the joint C and ω3 is the corresponding angular velocity of
the rocker which wing spar connects to.
As for the compliant wing supporter, its equivalent kinetic











wherem4 is the mass of wing supporter r4, VC is the absolute
velocity at joint C and J4 is the moment of inertia around
joint D.
We assumed that the robot is fixed horizontally on the
earth. In this case, no potential energy is produced by grav-
ity. The whole potential energy only contains potential parts
stored by torsional springs. The stored energy in each spring





where Ksi and ψi are the same as defined in aforementioned
section.
Therefore, the total kinetic and potential energies, i.e., K






and then the Lagrange’s equation of the whole system is
L = KE− P (17)
As stated above, this system has only one degree of free-
dom θ1. Hence, the Lagrange’s equation of motion with











where τs is the input torque from motor with the effect of
inertial moments of links and torsional springs.
Suppose that the mass of link ri (i = 1, 2, 3, 4) is too small
to be ignored, therefore, KEi = 0 (i = 1, 2, 3, 4). In such




















4α4θ̇4 + Ks1(θ4 − θ40)θ̇4
+Ks2[(θ4 − θ3)− (θ4,0 − θ3,0)](θ̇4 − θ̇3) (20)
In order to calculate the required torque input by the DC
motor, the torque generated by aerodynamic force needs to be
transferred to the rotation base of the crank connecting to the
motor. The equivalent aerodynamic torque produced by flap-




τa = −θ̇3τa (21)
To keep a FWMAV flying stably, the motor has to over-
come the torques generated by compliant joints and aerody-
namic forces. Therefore, the total required input torque from
the motor is
τm = τs + (τa)e (22)







4α4θ̇4 − τaθ̇3 + Ks1(θ4 − θ40)θ̇4
+Ks2[(θ4 − θ3)− (θ4,0 − θ3,0)](θ̇4 − θ̇3) (23)
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FIGURE 4. The prototypes of flapping mechanism designed. Left: rigid mechanism; Right: compliant mechanism.
Comparing Eq. (9) with Eq. (23), it can be easily notice that
they actually are the same equation. This demonstrates that,
for the case at hand, the method based on virtual work is as
effective as the one based on classical rigid-body dynamics.
C. OPTIMIZATION
Equations (9) and (23) tell how the the torsional stiffness of
the virtual spring at the compliant joint Ksi (i = 1, 2) and
neutral angular position θj,0 (j = 3, 4) influence the input
torque from the motor. For the purpose of minimizing the
torque required, the optimization of Ks1, Ks2, θ3,0 and θ4,0 is
key. Since our aim is also to minimize the peak torques τmmax
and τmmin , the following objective function shall be optimized:
Fobj = min(τmmax − τmmin) (24)
The optimization of Fobj, performed in [33] using a hybrid
multi-swarm particle swarm optimization algorithm [25],
shown that optimal values of Ks1 and Ks2 are in the range of
0.8 − 1.0, θ3,0 between 10 and 12 degrees and θ4,0 around
90 degrees. Such values provide, theoretically, a reduction
of the maximum input torque between 40% and 66%, and a
reduction of over 70% of the minimum torque with respect to
the rigid flapping mechanism.
IV. EXPERIMENTS
In order to assess the simulation results described in the
previous section, wemanufactured two prototypes, one with a
rigid flapping mechanism, and the other with flexible hinges
(see Fig. 4).
A. MATERIALS AND METHODS
The rigid-body and compliant transmission mechanisms
main parts are fabricated by a stereolithography 3D printer.
All rigid mechanical elements are made of resin with tensile
strength at yield of 65 MPa, and Young’s modulus of 2.8
GPa. The compliant hinges are made of flexible polyvinyl
chloride (PVC) with a Young’s modulus of 2.8 GPa and
0.5 mm thickness.
Hinges C and D can be treated as a flexural pivots as their
length is far smaller than the length of the beams that connect
to them (22.4 mm and 15.0 mm). Their rotational stiffnesses











where E1 = E2 are the Young’s elastic modula of the material
used (2.8 GPa), l1 = 1 mm and l2 = 5 mm are the lengths of
flexible hinges and I1 = I2 are the cross-sectional moment
of inertia of the hinge, with rectangular section of height




= 6.25 · 10−14m4
The two mechanisms are tested with input voltages rang-
ing from 0 to 4.5 Volts. However, for voltages smaller than
1.5 Volts the DC motor’s torque was not able to break the
mechanisms’ inertia and therefore no flapping took place.
Hence, the actual meaningful experiments range is from
1.5 to 4.5 Volts, corresponding to flapping frequencies of
approximately 3 to 9 Hz.
In order to calculate power consumption voltage and cur-
rent flow were measured during flapping. For the purpose of
data acquisition and control during the experiments, National
Instrument Compact Rio real-time acquisition and control
system has been used. Analog signals were acquired using a
NI 9215AIModule (16-Bits A/D, 100 kS/s/ch, 4- Ch). Digital
control signals were generated via both a NI 9381 DIO C
Series Module.
Raw signals where digitally filtered using an IIR (Infinite
Impulse Response) low-pass filter in order to remove mea-
surement noise, shown in the equation below:
yn = (1− β) · yn−1 + β · xn (25)
where yn is the filtered value of sample n and xn is the original
value. The parameters adopted for the filter, according to the
literature are:
β = 1− e−2π fc/fs = 0.043
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FIGURE 5. Left: Comparison of power consumption (measurements and fit models). Right: Comparison of peak power consumption (at ∼ 3.6 V input
voltage).
where fs is the sampling frequency (200 Hz) and fc is the low-
pass cutoff frequency, empirically set to 100 Hz.
B. RESULTS AND DISCUSSION
Figure 5 (left) shows the results of the measurements. As it
can be noticed, the compliant mechanisms have a lower
power consumption compared to the rigid mechanism. It also
appears qualitatively that the power savings increase with
the flapping frequency, which was an expected result. The
numeric data are also reported in Table 2.
TABLE 2. Average power consumption.
Figure 5 (left) also shows the trend lines that best fit the
data. After an analysis of different alternatives we found that
a polynomial line of order 2 was the best overall model that fit
the data, both qualitatively and quantitatively: the coefficients
of determination are r2 = 0.99 in both cases. The equations
of the curves are reported below.
PowerRigid (v) = 0.1121 v2 − 0.1794 v+ 0.2152
PowerCompliant (v) = 0.1016v2 − 0.1449v+ 0.2028
where v is the input voltage. From these equation, we can
compute the power saving. According to the models, saving
of 4.3% are achieved at 4.5 V input voltage (corresponding
approximately to 9Hz flapping frequency). However, asmen-
tioned earlier, the savings decrease for low flapping rates, and
for input voltages lower than 2.87 V (flapping frequency of
FIGURE 6. Theoretical power consumption predicted by the model.
approximately 6 Hz) the rigid mechanism actually performed
better than the compliant one.
The plots shown in Figure 5 (right) represent a zoom of
the power consumption at 3.61V and 3.55 V input volt-
age (approximately 7 Hz flapping period) for the rigid and
flexible mechanisms, respectively. As it can be observed,
the peaks are bigger in plot of the rigid mechanism, which
supports the claim that in addition to power saving, torque
peaks are also reduced, as the mathematical analysis fore-
saw [33]. In this case, the difference between peaks is of
0.029 W in the case of the rigid prototype, and 0.022 W for
the compliant one, which means a 25% reduction.
The main causes of deviation from the theoretical sav-
ings (up to 70%), we believe, are associated with friction
at rotational joints, that in the in the theoretical framework
are assumed to be negligible. However, in fact, the friction
indeed exists in physical experiments. In addition, the rota-
tional speed of the driving motor is supposed to be constant
for simplicity in the prediction, but the motor speed varies
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when aerodynamic loads act on wings. These adverse factors
will result in the difference from the experimental results in
power consumption. As shown in Fig. 5 (right), the variation
trends on the measured power consumptions of both rigid
and compliant mechanisms (see, e.g., sample intervals 26-55
and 55-84) are not strictly the same in every flapping cycle
as the counterparts of the predicted ones due to the joint
effects and other factorsmentioned above. Finally, fabrication
precision may be another cause for the gap. The assembly of
the prototypes has been done manually, so even if all efforts
have beenmade to guarantee a precise mounting, small devia-
tions can be present. All such small approximations make the
whole transmission mechanism not as optimal as designed,
thereby leading to a generation of extra unwanted power
consumption. Fig.6 shows an example of power consumption
predicted by the theoretical model for the two mechanisms.
TABLE 3. Peak power reduction (see also Fig. 5, right.
Table 3 reports the same comparison for input voltages
of ∼1.7 V and ∼ 2.6 V . In the remaining cases, a direct
comparison is not representative due to the difference in input
voltages between the rigid and compliant mechanisms.
V. CONCLUSIONS
In this paper, we have presented the design and testing
of a transmission mechanism with compliant hinges for a
flapping-wing micro air vehicle. The purpose of this mech-
anism is to minimize both peak and average input torque
required by the motor during the flapping cycle.
A theoretical analysis of the input torque required by
the motor has been carried out using two different meth-
ods, virtual work and rigid-body dynamics, that tackle the
problem from the perspectives of work and energy, respec-
tively. Compared to other optimization methods proposed in
the literature, our methodology is suitable for pseudo-rigid
models since internal interaction forces do not need to be
considered. Furthermore, the elastic potential energy stored
in the compliant joints can be easily taken into account.
The results of the experiments demonstrated that the com-
pliant mechanism can significantly reduce both the average
and the peak input torques. Therefore, we have demonstrated
that the propose design allows energy saving, compared to
classical rigid mechanisms and helps avoiding sharp shocks
of the driving motor. The advantage of the compliant trans-
mission mechanism is that allows adopting lighter structures
at the benefit of payload and/or flight time, two critical issues
in the field of FWMAVs.
Finally, we would like to point out that even though
the methodology presented in this paper is applied to flap-
ping transmission mechanisms, it can be generalized to the
FIGURE 7. Sketch of the velocity analysis on the wing.
design of other compliant mechanisms. We believe that
understanding energy-saving performance of biological sys-
tems will help developing light and energy-efficiency struc-
tures that can increase the performance of robotic systems




Aerodynamic torques generated by flapping wings play an
important role in the flight stability of FWMAVs. In this
section, we analyse the aerodynamic torque produced by
wing motions in a cycle. To this purpose, an aerodynamic
model based on the blade element theory [9] was employed.
The following simplifying assumptions have been made:
• The irregular shape of a wing is approximated with a
rectangle, whose length andwidth equal the length of the
wing spar r8 and the average wing chord c, respectively.
The average chord c is computed according to wings’
equivalent surface area.
• The wing is assumed to be rigid, i.e., without any twist
and bend along the wing chord and the leading edge.
• The mass of the wing is considered to be negligible.
With these assumptions, the normal force produced by a




ρC1|V (r, t)|2sgn(V (r, t))cdr, (26)
where V (r, t) is a absolute velocity of an element, whose
direction is contrary to the motion of the wing, ρ is the air
density, 1.23 kg/m3, and C1 is the normal force coefficient of
the blade [14].
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Note that V (r, t) consists of two parts: translational veloc-
ity V (r, t)T and rotational velocity of the wings V (r, t)R
(see Fig. 7). Thus, V (r, t) = V (r, t)T + V (r, t)R and
|V (r, t)| = |V (r, t)T | + |V (r, t)R|.
Here, |V (r, t)T | = r4ω4 cos(θ5), |V (r, t)R| = rω3, and
θ5 is the intersection angle between the rocker r3 and the
thorax r4 as shown in Fig. 7. Since the value of the transla-
tion velocity V (r, t)T is relatively small, its effect of wings’
movements is also small. Therefore, V (r, t) and V (r, t)R
can be considered equal i.e., V (r, t) = V (r, t)R. Also,
sgn(V (r, t)) = sgn(V (r, t)R). Since V (r, t)R is positively
proportional to ω3, sgn(V (r, t)) can be described in terms of
sgn(ω3) as sgn(V (r, t)) = sgn(ω3).
The instantaneous aerodynamic torque dτa can be
expressed by the instantaneous force dFa times the distance





From this equation, the total aerodynamic torque τa pro-
duced by the whole wing can be calculated.
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